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1. INTRODUCTION
Ž . Ž .Let G be a connected real Lie group, with Lie algebra L G , and let
Ž .exp: L G G be the exponential map of G. The study of the structure
of this map, and in particular questions about the image of it, have
attracted much attention over many years. In spite of this, the question of
Ždeciding which elements in a connected Lie group are exponential i.e.,
.belong to the image of the exponential map and, in particular, which
Ž .Lie groups are exponential i.e., have surjective exponential map is still
a long way from being settled.
 In their survey article 3 . Djokovic and Hofmann give a comprehensive´
account of the current status of the exponentiality question, and also a
number of tantalising conjectures on the problem. In summary, the situa-
tion is reasonably well understood for solvable Lie groups, partial results
are known for semisimple Lie groups, but little is known for mixed groups,
i.e., groups which have nontrivial solvradical and nontrivial semisimple
part.
In this paper we offer a contribution to the mixed group case, proving
the following.
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THEOREM 1.1. Let G be a connected Lie group of the form K  R, a
semidirect product, where R is a simply connected exponential solable normal
subgroup of G and K is a compact subgroup. Let N be the nilradical of R. Let
gG and let k K be the unique element such that g kR. Then there
Ž . Ž . nexists xN such that i xk kx and ii if n 1 is such that k is
contained in the connected component of the identity in the subgroup  K 
4 n x x then g is exponential in G. In particular if for eery xN the
 4subgroup  K   x x is connected then G is an exponential Lie group.
Ž .  4For xG let Z x denote the subgroup  K   x x as above.K
In the special case when R is a vector group Djokovic and Hofmann 3,´
 Ž .Proposition 5 showed that G is exponential if and only if Z x isK
 connected for every x R. Moskowitz and Wustner 5 have shown that¨
Ž .the connectedness of Z x also characterises exponentiality in anotherK
special case, when K is a torus. It turns out, however, that it is not
Ž .necessary in general for Z x to be connected for G to be exponentialK
Ž .see below .
We apply Theorem 1.1 to study the exponentiality of elements in matrix
groups with quaternionic entries. Let  denote the division ring of real
quaternions. For n 2 let Q be the group of n n invertible uppern
triangular matrices with entries in  and let M be the subgroup of Qn n
Ž .consisting of all elements whose diagonal entries are all of quaternionic
norm 1. We note that Q and M are connected groups for all n 2.n n
COROLLARY 1.2. Let Q and M be the groups as aboe and let G be an n
connected Lie subgroup of Q containing M . Then gG is exponential ifn n
Žand only if it has a square root in G i.e., there exists hG such that
2 .g h .
The theorem also provides the following new class of examples of
exponential Lie groups.
COROLLARY 1.3. Let n 2 and let G be the subgroup of M consisting ofn
all the elements whose diagonal entries are all equal. Let Z be the subgroup
 4I , where I is the identity matrix. Then GZ is an exponential Lie group.
On the question of exponentiality of the groups G as in Corollary 1.2 we
prove the following:
THEOREM 1.4. Let G be a connected Lie subgroup of Q containing M ,n n
where n 2. Then
Ž .i G is exponential if n 4;
Ž .ii G is not exponential if n 8.
Ž .For n 2, let SL n, denote the group of n n matrices with entries
in , having Dieudonne determinant 1, and let P denote the subgroup´ n
Ž . Ž .consisting of all upper triangular matrices in SL n, . Then SL n, is a
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Ž .semisimple Lie group and P is a minimal parabolic subgroup of SL n, .n
Ž .  It is known that SL n, is exponential. Problem 5.7 of 3 asks to prove
or disprove that a connected real Lie group is exponential if and only if its
Ž .minimal parabolic subgroups which are all conjugate to each other are
Žexponential. Problem 5.7a asks to prove or disprove that P as above inn
.particular is exponential. Since P is a connected Lie subgroup of Qn n
Žcontaining M , as above, Theorem 1.4 disproves both the statements then
.latter for n 8 .
Let n 2 and let G be a connected Lie subgroup of Q containing M .n n
Observe that G can be expressed canonically as a semidirect product
K  R, where K is the compact subgroup consisting of diagonal matrices
Ž .with entries of quaternionic norm 1 and R is the solvable Lie subgroup
consisting of elements of G in which the diagonal entries are real and
positive. Clearly R is a simply connected solvable Lie group and it is
Ž  . Ž .known to be exponential cf. 3, Proposition 4.1 . It turns out that Z x isK
Žconnected for all x in the nilradical of R i.e., the subgroup consisting of
. Ž .matrices with 1’s on the diagonal only for n 3 see Proposition 4.4 .
Since P is exponential this shows that, in contrast to the special cases4
Ž .mentioned above, in general Z x being connected for all x in theK
nilradical is not a necessary condition for the semidirect product as in
Theorem 1.1 to be exponential.
The question of exponentiality of the groups G as in Theorem 1.4 for
5 n 7 remains open. We conjecture that G is exponential in these
cases also; the case of n 4 considered here suggests a way of checking
this, but the requisite computational work seems quite prohibitive. We
hope to come to the question later.
Roughly speaking our approach here is to reduce to the special case
where R is nilpotent and to use a ‘‘Jordan decomposition’’ argument to
handle that case. We formulate the Jordan decomposition in that case in
Ž .intrinsic Lie group theoretic terms see Lemma 2.2 . It is worth noting that
 the Jordan decomposition is also the main tool used in 3 to deal with the
case when R is a vector group.
The special case G K  R, where R is nilpotent will be dealt with in
Section 2, where we establish an explicit relationship of exponentiality of
Ž .an element of g with its Jordan decomposition see Theorem 2.4 . The
general case is considered in Section 3. In the Appendix we give an
elementary proof of Jordan decomposition in the case of nilpotent R.
2. A SPECIAL CASE
In this section we prove Theorem 1.1 in the special case when R is
Žnilpotent; a somewhat more specific assertion is proved in this case see
.Theorem 2.4 .
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We begin by noting the following general lemma, in the setting of
Ž . Žabstract groups. By a vector group or subgroup we mean a group resp.
. dsubgroup isomorphic to  for some d 0, equipped with the vector
space structure over . We recall also that a linear transformation of a
Ž .real vector space is said to be semisimple if it is diagonalisable over the
field of complex numbers and it is said to be unipotent if it has no
eigenvalue other than 1.
LEMMA 2.1. Let H be a group and let V be a normal ector subgroup of
H. Let hH be such that the conjugation action of h on V is a semisimple
 4linear transformation. Let W   V  h h . Then for any   V there
Ž . 	1exist wW and x V such that h  x hw x . In particular if W is triial
then h is conjugate to h.
Ž . 	1Proof. Let  : V V be the map defined by    h h for all
  V. By hypothesis  is a semisimple linear transformation. Also, W is
-invariant and hence by semisimplicity there exists a -invariant subspace
U of V such that VU
W. Clearly  has no nonzero fixed points in U
Žand hence the restriction of 	 I where I denotes the identity transfor-
.mation to U is invertible. Now let   V be given and uU and wW
Ž .	1Ž . Ž .be such that   u w. Let x 	 I u , so that u  x 	 x. Now
	1Ž . Ž 	1 	1 .x h x h h x h x which, in additive notation on V, is the element
Ž Ž . . Ž . 	1h 	 x   x  hw. Hence h  x hw x , as desired.
The proof of Theorem 1.1 in the case of nilpotent R depends on the
following ‘‘Jordan decomposition.’’
LEMMA 2.2. Let G be a connected Lie group of the form K  N, semidirect
product, where N is a simply connected nilpotent normal subgroup of G and K
is a compact subgroup. Then for any gG there exist u, xN and s xKx	1
such that su us g ; furthermore, if s and u are such that s is contained
in a compact subgroup of G, uN and su us g, then s s and
u u.
For the lemma we first give here a ‘‘quick’’ proof using some facts from
the theory of algebraic groups. Another proof which we believe would be
more accessible is given in the Appendix.
Proof. We note that for a group G as in the hypothesis there exists
Ž .a faithful representation  : GGL V over a finite-dimensional real
Ž . Ž vector space V, such that  u is unipotent for all uN see 7, Theorem
. Ž .3.18.16 . The latter condition implies that  N is a real algebraic
Ž . Ž  . Ž .subgroup of GL V see 7, Theorem 3.6.3 . Since  K is compact it is a
real algebraic subgroup, and together with the preceding assertion this
Ž .implies that  G is a subgroup of finite index in a real algebraic subgroup
Ž . Ž    .of GL V see 1, Sect. 1.11 and 2, Sect. 3.18 . It follows, in particular,
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Ž .that for any x  G the semisimple and unipotent Jordan components
Ž . Ž . Ž  .of x in GL V are contained in  G see 1, Sect. 4.4 . Since the Jordan
Ž .decomposition in GL V is unique it follows that for any gG there exist
Ž . Ž .uniquely defined elements s and u in G such that  s is semisimple,  u
is unipotent, and g su us. The lemma now follows from the fact that 
Ž .is faithful, and an element in  G is unipotent if and only if it is
Ž .contained in  N and semisimple if and only if it is contained in
Ž 	1 . xKx for some xG; for the proof of the uniqueness part as in the
statement of the lemma we note also that any compact subgroup of G is
contained in xKx	1 for some xG; the latter statement follows from
Ž  .conjugacy of maximal compact subgroups of G cf. 6 .
The decomposition of g in G as g su as in Lemma 2.2 will be referred
to as the Jordan decomposition of g.
Notation 2.3. For any subgroup H of G and xG we denote by
Ž .  4Z x the subgroup hH  hx xh . Also, for any closed subgroup H ofH
G we denote by H 0 the connected component of the identity in H.
We now prove the following result which implies Theorem 1.1 for the
case at hand.
THEOREM 2.4. Let G be a connected Lie group of the form K  N,
semidirect product, where N is a simply connected nilpotent normal subgroup
of G and K is a compact subgroup. Let k K and g kN. Let g su us
be the Jordan decomposition of g. Then g is exponential if and only if there
	1 Ž 	1 .0exists xN such that s xKx and k Z x ux . In particular, ifK
Ž .Z w is connected for all wN then G is exponential.K
	1 Ž 	1 .0Proof. Let xN be such that s xKx and k Z x ux . ThenK
	1 	1 Ž 	1 .Ž 	1 	1 .x sx K and since x sx x gx x u x  kN, it follows that
	1 Ž 	1 .0 Ž .0	1x sx k. Since k Z x ux it now follows that s Z u .K x K x
 4 	1Therefore there exists a one-parameter subgroup s of xKx such thatt
s  s and s u us for all t. Since N is a simply connected nilpotent1 t t
 4Lie group, there exists a unique one-parameter subgroup u of N such
that u  u. For any t, we have s us  u and hence the uniqueness1 t 	t
 4assertion about u implies that s u  u s , for all . In particular t   t
 4this shows that s u is a one-parameter subgroup of G. Since s u  sut t 1 1
 g, this implies that g is exponential.
 4Conversely suppose that g is exponential. Let g be a one-parametert
subgroup of G containing g, say g  g. Let g  s u be the Jordan1 t t t
decomposition of g , t. Then s  s, u  u, and each s and u , t,t 1 1 t 
 R, commute with each other. Also from the uniqueness of Jordan
 4  4decompositions it follows that s and u are one-parameter subgroups.t t
 4Furthermore, the closure of s is an abelian subgroup and since semisim-t
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ple elements are dense in it, follows that the closure is compact. By
conjugacy of maximal compact subgroups it follows that there exists xN
such that x	1s x K for all t. Then s xKx	1 and by an argumentt
	1  	1 4as above in fact s xkx . Now, x s x is a one-parameter subgroupt
Ž 	1 . 	1 	1contained in Z x ux and hence it follows that k x sx x s xK 1
Ž 	1 .0Z x ux , which proves the ‘‘only if’’ part of the theorem.K
Ž .Now, suppose that Z w is connected for all wN. Let gG andK
u, xN and s xKx	1 be as in Lemma 2.2. As g kN we have
s gu	1  kN and since s xKx	1 this implies that s xkx	1. Thus
	1 Ž 	1 . Ž 	1 .0k x sx Z x ux  Z x ux , by our assumption. Hence by theK K
‘‘if’’ part above we get that g is exponential. This shows that G is
exponential, thus proving the theorem.
3. COMPLETION OF PROOF OF THEOREM 1.1
In this section we complete the proof of Theorem 1.1, after proving
some results on the structure of a semidirect product group as in the
Ž .theorem see Theorem 3.2 and Lemma 3.3 below . We begin by noting the
following general fact.
LEMMA 3.1. Let N be a nilpotent Lie algebra and let  be a Lie
  Žautomorphism of N. If the factor of  on N N, N is unipotent as a linear
.transformation then so is  .
Proof. The group of Lie automorphisms of N is a real algebraic
subgroup of the group of linear automorphisms of N, and hence  admits
a Jordan decomposition as  	
 , where 	 and 
 are Lie automor-
phisms of N commuting with each other, 	 is semisimple, and 
 is
 unipotent. We note that since 	 is a Lie automorphism of N, N, N is
 	-invariant. Now suppose that the factor of  on N N, N is unipotent.
 Then the factor of 	 on N N, N is trivial. Furthermore, by the semisim-
Ž .plicity of 	 there exists a subspace F of N such that 	    for all
  F and F N, N  N. Since N is a nilpotent Lie algebra, the latter
Ž condition implies, however, that 	 is trivial see 4, Exercise 10 in Chap.
.1 . Thus  
 and hence it is unipotent.
THEOREM 3.2. Let G be a connected Lie group of the form K  R,
semidirect product, where K is a compact subgroup and R is a simply
connected exponential solable normal subgroup. Let N be the nilradical of R
and suppose that RN is one-dimensional. Then for any gG there exist a
connected nilpotent subgroup M of R and xN such that M is normalised by
K and g xKMx	1.
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Proof. Let R and N denote the Lie subalgebras corresponding to R
Ž .and N, respectively. Consider the representation  : GGL R defined
Ž . Ž . Žby setting, for gG,  g to be the restriction of Ad g to R where Ad
.denotes the adjoint representation of G . Since K is compact the restric-
tion of  to K is completely reducible. Since N is a normal subgroup of
Ž .G, N is  K -invariant. Since N is of codimension 1 in R, by complete
Ž .reducibility this implies that there exists a one-dimensional  K -invariant
subspace P of R such that RP
 N. Let P be the one-parameter
Ž .subgroup of R corresponding to P. Clearly  K fixes P pointwise and
Žhence kp pk for all k K and p P i.e., K and P centralise each
.other . We note also that R is a semidirect product of P and N. Since R is
Ž .exponential, it follows that if  is an eigenvalue of  p for some p P
  Ž  .then either  1 or   1 cf. 3, Proposition 4.1 .
We now first consider the case when N is abelian, namely a vector
space. Then N may be identified canonically with N and viewed as a
subspace of R. Let
r
W xN   p 	 I x  0 p P ,Ž . Ž .Ž . 4
where r is the dimension of R and I denotes the identity transformation.
Ž .Since K and P centralise each other it follows that W is  K -invariant.
Ž .Now let D KP and let N , N , . . . , N be a sequence of  D -invariant0 1 k
subspaces of N, for a suitable k 1, such that N N, N W, and, for0 k
Ž .all i 1, . . . , k, N is a maximal  D -invariant subspace of N , contain-i i	1
ing W. Since N is abelian and GDN it follows that each N is a normali
subgroup of G.
Now fix some i 1, . . . , k and consider the group DN N . It is ai	1 i
semidirect product of D and N N and by the maximality condition asi	1 i
above, the corresponding conjugation action of D on N N is irre-i	1 i
ducible. Since P is contained in the center of D this implies in particular
that for any p P the conjugation action of p on N N is semisimplei	1 i
Ž .and its eigenvalues are of the same absolute value, say  p . For p P,
Ž .since  p has no eigenvalues of unit absolute value other than 1,
Ž . p  1 only if 1 is an eigenvalue of its conjugation action on N N .i	1 i
However, the definition of W shows that the factor of the action of p on
NW does not have 1 as an eigenvalue except if p is trivial. Since WNi
Ž .the preceding observation therefore shows that  p  1, whenever p is a
nontrivial element of P. Also, since K is compact and centralises P, if
x kpD, where k K and p P, then for the conjugation action of x
Ž . Ž .on N N all the eigenvalues are of the same absolute value  x   p ,i	1 i
Ž .and  x  1 if and only if x K. Therefore by Lemma 2.1 for any
Ž .g D	 K N , the image gN DN N is conjugate by an elementi	1 i i	1 i
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of N N to an element of DNN , and hence there exists xN Ni	1 i i i i	1
such that xgx	1 DN .i
Applying the above observation with i 1, . . . , k successively, we get
Ž . 	1that for any g in D	 K N there exists xN such that xgx DN k
DW ; in other words, any gGDN is contained in either KN or
xDWx	1 for some xN. In the former case the assertion in the theorem
holds for g if we choose MN. For the latter case we observe that
Ž .DW KPW and, since the restriction of  p to W is unipotent for all
p P, PW is a nilpotent subgroup, normalised by K ; hence the assertion
holds for the choice M PW.
We now consider the general case. We proceed by induction on the
dimension of N. In view of the above special case we may assume that N
 is nonabelian. Then N, N is a closed normal subgroup of G, of positive
   dimension. Let G G N, N and let : GG be the canonical
 Ž .  Ž .   quotient homomorphism. Let K   K and R   R . Then G  K R ,
K  is a compact subgroup, and R is a simply connected exponential
solvable normal subgroup of G. Let N  be the nilradical of R. Then N 
Ž . Ž . contains  N and, since the latter is of codimension 1 in  R  R , it
 Ž . follows that N   N or R . Since R is not nilpotent and RN is
Ž .one-dimensional there exists r R such that the restriction of Ad r to
the Lie algebra of N is not unipotent. By Lemma 3.1 this implies that the
     conjugation action of r N, N G N, N on N N, N is not unipotent.
It follows that R is not a nilpotent Lie group and hence N  must be a
  Ž .proper subgroup of R . Therefore N   N and in particular it is of
codimension 1 in R. This shows that the conditions as in the hypothesis of
the theorem hold for G, K , and R in the place of G, K , and R,
respectively. Since G is of lower dimension than G, by the induction
hypothesis the conclusion of the theorem holds for G and we get that for
any gG there exist a connected nilpotent subgroup M  of R and
yN  such that K  normalises M  and g yK M  y	1. Now let gG,
 Ž .  g   g and let M and y be as in the preceding assertion, for this g .
	1Ž . Ž .  Ž .Let M  M . Since  N N we can pick xN such that  x 
y. Then M is normalised by K and g xKMx	1. If M is nilpotent then we
are through. If not, then the nilradical of M is of codimension 1 in M and
since M is of dimension less than that of R, the induction hypothesis
implies that the element x	1 gx of KM is contained in a conjugate of a
subgroup of the form KM of KM, with M a connected nilpotent1 1
subgroup normalised by K , which readily implies the desired assertion for
g. This proves the theorem.
LEMMA 3.3. Let G, K , and R be as in the hypothesis of Theorem 1.1 and
let gG be gien. Let N be the nilradical of R. Then there exists a closed
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connected normal subgroup R of G such that N R  R, R N is of1 1 1
dimension at most 1, and g KR .1
Proof. Let R be the radical of G. Since R is a connected normal
   solvable subgroup, R R . For H R or R let G, H denote the
smallest closed subgroup containing all commutators of the form gxg	1 x	1,
   Ž gG and xH. Then G, R is contained in the nilradical of G cf. 7,
.  Theorem 3.8.3 . In particular this implies that G, R is nilpotent. Since it
is a connected normal subgroup of R it follows that it is contained in the
nilradical N. Hence GN is a direct product of KNN and RN; we note
also that the latter is a vector group. We choose R N if g KN. If1
g KN then there exists a unique one-parameter subgroup  of RN
such that gKN KNKN, and we choose R  N, where  is any1
.one-parameter subgroup of R such that N  . It is easy to see that
the assertion in the lemma is then satisfied.
We next note the following simple fact.
LEMMA 3.4. Let G be a connected Lie group of the form K  R, a
semidirect product, where R is a simply connected exponential solable normal
subgroup of G and K is a compact subgroup. Let N be the nilradical of R.
Ž . Ž .Then for any   R there exists xN such that Z   Z x .K K
Proof. Let R and N be the Lie subalgebras corresponding to R and
Ž .N, respectively. Let  : KGL R be the representation induced by the
conjugation action of K on R. Since K is compact  is completely
Ž .reducible and hence there exists a  K -invariant subspace S of R such
that R S
 N. Also GN is a direct product of KNN and RN. This
Ž .Ž .implies that for any  S ,  k    for all k K. Now, since R is
simply connected and exponential, given   R there exists a unique
Ž  .R such that   exp  cf. 3, Proposition 4.1 and if  	 ,
Ž . Ž .where 	 S and  N, then it follows that Z   Z w , whereK K
w expN. This proves the lemma.
Proof of Theorem 1.1. Let G, K , R, N, gG, and k K be as in the
hypothesis. Let R be a subgroup of R as in Lemma 3.3 such that1
g KR . Let G  KR , which is a semidirect product of K and R . Then1 1 1 1
by Theorem 3.2 there exist a closed connected nilpotent subgroup M of R1
and x R such that M is normalised by K and g xKMx	1. Let1
h x	1 gx KM. Let u, yM and s yKy	1 be such that h su us
Ž .namely the Jordan decomposition of h in KM ; cf. Lemma 2.2. Then
	1 	1 	1 Ž 	1 	1 . 	1 	1s hu  x gxu  g g x g xu  kR and since s yKy this
	1 	1 Ž .implies that k y sy. Put   y uy. Then clearly k Z  . Now letK
n Ž .0 nn 1 be such that k  Z  . Then we have h  KM with the JordanK
decomposition hn snun and there is y, as above, such that sn yKy	1
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n Ž 	1 n .0 Ž .0 nand k  Z y u y  Z  . Therefore, by Theorem 2.4, h is expo-K K
nential and hence so is g n. Thus we have shown that there exists  M R
n Ž .0 nsuch that, for n 1, if k  Z  then g is exponential. By LemmaK
Ž . Ž .3.4 there exists xN such that Z x  Z  . The preceding conclu-K K
sion therefore implies the first assertion in the theorem. The second one is
immediate from the first.
4. EXPONENTIALITY IN QUATERNIONIC GROUPS
In this section we discuss exponentiality in certain groups of matrices
with quaternionic entries.
Let  denote the division algebra of quaternions over the field of real
numbers. Let i, j, and k denote the basic quaternions satisfying the
relations i2 j2 k 2	1 and ij k	ji, generating . We denote
by  the multiplicative group of nonzero quaternions and by 1 its
subgroup consisting of quaternions of norm 1. Given n 2 and 1 p q
Ž . n we denote by E the matrix whose p, q entry is 1 and all otherp q
entries are 0. We write I for the identity matrix of any size; the size will be
clear from the context.
As before let Q denote the Lie group consisting of all n n invertiblen
Ž Ž . .upper triangular matrices that is, x such that x  0 when q pp q p q
and let M denote the subgroup consisting of the elements of Q all ofn n
Ž .whose diagonal entries are of quaternionic norm 1. We denote by K then
compact subgroup of M consisting of all diagonal matrices whose diago-n
nal entries are from 1, and by U the subgroup consisting of all unipotentn
elements in Q .n
Proof of Corollary 1.2. Let G be a connected Lie subgroup of Qn
containing M . Let R be the subgroup consisting of all elements of Gn
whose diagonal entries are real and positive. Then R is a simply connected
Ž  .exponential solvable Lie subgroup cf. 3, Proposition 4.1 and G K  R.
Also, U is the nilradical of R. We show that, for any uU , everyn n
Ž . Ž .0element of Z u Z u is of order at most 2. By Theorem 1.1 thisK K
implies that the square of every element is exponential and hence it
follows that any element with a square root is exponential.
Ž . Ž . 4Let u u U be given. Let S p, q  1 p q n, u  0 .p q n p q
ŽFor any p 1, . . . , n let X be the set of sequences of the form p , p ,p 0 1
.. . . , p , for some r, such that p  p  p and for each s 1, . . . , r eitherr 0 r
Ž . Ž . Ž .p , p  S or p , p  S. For any sequence 	 p , p , . . . , ps	1 s s s	1 0 1 r
Ž . X define h  h h  h , where h  u if p , p  S andp 	 1 2 r s p p s	1 ss	1 s
	1 Ž .h  u if p , p  S. Also, for any p 1, . . . , n let  be thes p p s s	1 ps s	1
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Ž .   4multiplicative subgroup of  generated by h  	 X and let  be	 p p
1  1 4the centraliser of  in  , that is,   h  h  h   . Wep p p
Ž . Ž .first show that if diag d , . . . , d  Z u then d   for all p 1,1 n K p p
Ž . Ž . Ž .. . . , n. Let diag d , . . . , d  Z u , 1 p n, and 	 p , p , . . . , p1 n K 0 1 r
Ž . Ž . X be given. For any pair a, b we have d u  u d if a, b p a ab ab b
	1 	1 Ž .S and d u  u d if b, a  S. Using these successively we seea b a b a b
Ž . Ž .that d h  d h h  h  h d h  h    h h  h d p 	 p 1 2 r 1 p 2 r 1 2 r p1 r
h h  h d  h d . Thus d commutes with h for all 	 X and so1 2 r p 	 p p 	 p
d   .p p
 4Now let 	 be the equivalence relation on 1, . . . , n generated by
Ž . Ž .requiring that p	 q if either p, q  S or q, p  S. It is easy to see
that if p	 q then the subgroups  and  are conjugate to each otherp q
in 1. Now let A be a set of representatives for the equivalence classes
Ž .with respect to 	 . We claim that Z u is topologically isomorphic to theK
 4  4cartesian product of the family  . Given d , with d   fora a A a a A a a
Ž . Ž .all a A, we associate with it the element diag d , . . . , d  Z u1 n K
 4defined as follows: Let b 1, . . . , n be given. Let a A be such that
Ž .a	 b. Hence there exists a sequence p , p , . . . , p such that p  a,0 1 r 0
Ž . Ž .p  b, and for each s 1, . . . , r either p , p  S or p , p  S.r s	1 s s s	1
Ž . 	1 Ž .Let h  u if p , p  S and h  u if p , p  S ands p p s	1 s s p p s s	1s	1 s s s	1
define d  h	1  h	1d h  h . Since d   it follows that d asb r 1 a 1 r a a b
Ž .defined above is independent of the choice of the sequence p , p , . . . , p .0 1 r
Ž . Ž .It is now straightforward to verify that diag d , . . . , d  Z u and that1 n K
Ž .every element of Z u can be described in this way. Clearly the corre-K
spondence is an isomorphism of the topological groups.
Recall that each  is the centraliser in 1, of a multiplicative subgroupp
 Ž of  . This implies that  is either the whole if  consists of realp p p
. Žnumbers or a circle subgroup if  does not consist entirely of realp
.  4 Žnumbers but is contained in a degree-2 extension of  in  or 1 if p
. Ž .is nonabelian, and hence generates  as an algebra over  . Since Z u isK
Ž . Ž .0a product of copies of  , this shows that Z u Z u is a group inp K K
which every element is of order 2. This proves the corollary.
Proof of Corollary 1.3. Let K be the subgroup of G consisting of
Ž .diagonal matrices with equal diagonal entries . Clearly GZ is the
semidirect product of KZ and U , via the factor of the conjugation actionn
of K on U . Let K  KZ. Then in view of Theorem 1.1 it is enough ton
Ž .  	1prove that for any uU , Z u , which is the same as k K  kuk n K
4 	1uZ Z, is connected. Let uU be given. We note that if kuk  uZn
then in fact kuk	1  u, by considerations of eigenvalues for instance, and
Ž . Ž .hence Z u  Z u Z. Now, an element k K commutes with u ifK K
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and only if the common diagonal entry, say d, commutes with all nonzero
Ž . entries of u. Let  be the multiplicative subgroup of  generated by
Ž .the nonzero entries of u. Then Z u  K if  consists of real numbers, aK
circle subgroup if  is abelian but not contained in , and Z if  is
Ž .nonabelian. In all the cases Z u Z is connected. This proves theK
corollary.
LEMMA 4.1. Let S be the subset of U consisting of all elements x such4
that each row of x	 I has at most one nonzero entry. Then for any xU4
there exists uU such that uxu	1  S.4
Ž .Proof. Let x x be given. If x  0 then conjugating x by Ip q 12
	1 	1 Ž .x x E  x x E we get an element y y such that y  x12 13 23 12 14 24 p q 12 12
and y  y  0. Replacing x by y we may assume that either x  0 or13 14 12
x  x  0. Next if x  0 by conjugating by I x	1 x E we get an13 14 23 23 24 34
Ž .element y y such that y  x , y  x , y  x , and y  0,p q 12 12 13 13 23 23 24
and furthermore y  x if x  0. Hence by a replacement as before14 14 13
we may further assume that either x  0 or x  0. This shows that the23 24
first assertion in the lemma holds if x  0. Hence we may assume that12
x  0. If further x  0 then clearly x S. Now suppose that x  012 13 12
and x  0. If x  0 then by conjugating by I x	1 x E we get a13 23 13 14 34
Ž . Ž . Ž .matrix y y , where y  x for all p, q  1, 4 and y  0; thusp q p q p q 14
y S. If x  0 then we have x  0, by the earlier arrangement, and in23 24
	1 Ž .this case by conjugating x by I	 x x E we get a matrix y y13 23 12 p q
Ž . Ž .such that y  x for all p, q  1, 3 and y  0 and hence y S.p q p q 13
This shows that in all the cases there exists uU such that uxu	1  S,
thus proving the lemma.
Ž .LEMMA 4.2. Let x x U , n 2, be such that each row of x	 Ip q n
Ž .has at most one nonzero entry. Let y y be defined by y  1 if x  0p q p q p q
and 0 otherwise. Then y is conjugate to x in P .n
Proof. We define, inductively, a sequence x , . . . , x of conjugates of1 n	1
	1 Ž 	1 .x as follows. Let x  d xd , where d  diag 1, . . . , x , 1 if x1 1 1 1 Žn	1.n Žn	1.n
Ž . 0 and d  I the identity otherwise. Now suppose x , . . . , x have1 1 p	1
Ž .been defined for some p n	 1. If all entries of the n	 p th row of
x	 I are 0 then we choose x  x . Otherwise by hypothesis therep p	1
Ž .exists a unique q such that x  0. Then in x also the n	 p, qŽn	p.q p	1
Ž .entry is the unique nonzero entry in the n	 p th row. Let  be the
Ž . Ž 	1 .n	 p, q entry of x . Then we define d  diag 1, . . . ,  , . . . , 1 ,p	1 p
	1 Ž .where  is in the n	 p th place in the diagonal matrix, and x p
d x d	1. We note that the entries of x coincide with those of xp p	1 p p p	1
Ž .except in the n	 p th row and column, and in particular in all rows after
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Ž .the n	 p th row. It follows that the nonzero entries of x in rows fromp
Ž .n	 p onward are all 1. Hence for y x , which is a conjugate of x,n	1
all nonzero entries are 1. It is clear from the definition that the nonzero
entries of y occur precisely at the same locations as those of x. This
proves the lemma.
LEMMA 4.3. Let n 2 and let uU be a matrix in which all entries aren
real. Then the centraliser of u in Q is connected.n
Ž . ŽProof. Let Z u denote the centraliser of u in Q we suppress then
.suffix . Let D denote the subgroup of Q consisting of all diagonaln n
matrices and let : Q D be the canonical quotient homomorphismn n
Ž . Ž . Ž .defined by x  diag x , . . . , x for all x Q . Since U is ap q 11 nn p q n n
simply connected nilpotent Lie group it follows that the centraliser of u in
U is connected. Since U is the kernel of , in view of the precedingn n
Ž .observation, to show that Z u is connected it is enough to show that
Ž Ž .. Z u is connected. Let Q denote the -vector space of all upper
Ž .triangular n n matrices scalar multiplication on the left and let D be
the -subspace consisting of all diagonal matrices in Q. Let  : QD be
ŽŽ .. Ž .the canonical -linear projection defined by    diag  , . . . , p q 11 nn
Ž . Ž .  4for all   Q. Let Z u   Q  u  u . Since the entries of up q
Ž .are real it follows that Z u is an -subspace of Q and hence so is
Ž Ž .. Ž Ž .. Z u . Let  be any element of D   Z u . Then there exists 
 inn
Ž .the kernel of  such that  
Z u . Clearly  
 is an invertible
Ž . 	1matrix and hence in fact  
 Z u . Also, I  
U and writingn
Ž 	1 . Ž Ž .. 
 as  I  
 we see that   Z u . Conversely, consider
Ž Ž .. Ž . Ž  Z u . Then there exists  U such that    Z u . Let 
  n
. Ž . Ž . Ž Ž ..	I . Then  
    Z u Z u , and since    	 I  0 this
Ž Ž .. Ž Ž .. Ž Ž .. Ž Ž ..implies that   Z u . Hence  Z u D   Z u . Now,  Z un
Ž Ž ..is an -subspace and the complement of D   Z u in it is a union ofn
Žfinitely many -subspaces subspaces corresponding to each one of the
.diagonal entries being 0 . This implies that the complement is connected,
thus proving the lemma.
Proof of Theorem 1.4. We note that G as in the hypotheses is a closed
normal subgroup of Q such that Q G is a vector group. Therefore forn n
gG any one-parameter subgroup of Q containing g is contained in G,n
and hence G is exponential provided Q is exponential. A similar argu-n
ment shows that if G is exponential then M is exponential. We note alson
Q is a quotient of Q for all m n and M is a quotient of M for alln m n m
m n and that every quotient of an exponential group is exponential. In
view of these observations, to prove the theorem it is enough to show that
Q is exponential and M is not exponential.4 8
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Now consider GQ . By Lemmas 4.1 and 4.2 every unipotent element4
of G is conjugate to one in which all entries are real, in fact either 0 or 1.
By Lemma 4.3 it follows that the centraliser of any unipotent element is
connected. It is well known that this condition implies that G is exponen-
 tial; see 3, Theorem 1.3 . This shows that G is exponential, thus prov-
Ž .ing i .
Next let GM . Let  ,  , . . . ,   be such that      8 1 2 6 1 2 3
      1 and the products   and   are two noncommut-4 5 6 2 3 4 5
Žing elements in  e.g.,   i,   j,   k, and   1	  for1 3 5 2 p 2 p	1
.p 1, 2, 3 . Let uU be the matrix defined by8
4 6
u I E   E .Ý ÝŽ2 r	1.Ž2 r . s sŽ s2.
r1 s1
Ž . Ž .Let x x  Z u . We claim that the diagonal entries x , pp q G p p
1, . . . , 8 are all equal and real. This can be verified by computations with
4 4 submatrices as follows. If  U is a matrix of the form   I E4 12
Ž . E  E  1	  E , where , it can be verified that, for any34 13 24
Ž .y y Q centralising  , all the diagonal entries y , p 1, 2, 3, 4,p q 4 p p
Žare equal it is convenient to do this by first writing the 4 4 matrices as
blocks of 2 2 matrices in the equation y y, and then substituting for
.the 2 2 blocks . Applying this observation to the principal 4 4 subma-
trices in u corresponding to the first four, the middle four, and the last
four indices, respectively, we conclude that the first four, the middle four,
and the last four diagonal entries of x are equal; hence all the diagonal
entries x are equal, say  . We next note that given a 4 4 matrix of thep p
Ž .form w I E  E  E , a matrix y y Q with y  23 13 24 p q 4 p p
for all p, where , centralises w only if  commutes with  .
Applying this observation to the 4 4 submatrices of u corresponding to
the indices 2 to 5 and 4 to 7, respectively, we conclude that  commutes
with   and   . Since by assumption   and   do not2 3 4 5 2 3 4 5
commute with each other they generate  as an algebra over  and so this
implies that  is real, namely 1.
We now deduce that if u is the element as above then g	u, which is
 4an element of GM , is not exponential in G. If possible let g be a8 t
Ž .one-parameter subgroup of G containing g. Then g  Z u for allt G
Ž .t and hence for each t the diagonal entries of g are 1 and equal .t
Ž . ŽFor each t let  be the 1, 1 entry or equivalently the commont
.diagonal entry of g . Then t  is a continuous homomorphism of t t
 4into the multiplicative group 1 . This implies that   1 for all t.t
 4However, since g contains g there exists t such that  	1; thist t
is a contradiction. Hence g	u is not exponential. This completes the
proof of the theorem.
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We next show that the condition as in Theorem 1.1 on the centralisers is
satisfied for M only for n 3.n
PROPOSITION 4.4. Let n 2 and GM , in the notation as aboe. Letn
K be the compact subgroup consisting of all the diagonal matrices in G, and
Ž .let U be the subgroup consisting of all unipotent elements of G. Then Z u isK
connected for all uU if and only if n 3.
Proof. It is trivial to verify the ‘‘if’’ part for n 2. We now verify it for
Ž .n 3. Let u u U be given and let u  a, u  b, and u  c.p q 12 23 13
Ž . Ž .Then  diag k , k , k  K belongs to Z u if and only if k a ak ,1 2 3 K 1 2
k b bk , and k c ck . If abc 0 then it is easy to see that the set of2 3 1 3
 satisfying the conditions is a product of spheres and hence connected.
Now suppose abc 0. Then we have k ab ak b abk  abc	1k c,1 2 3 1
which means that k centralises abc	1. Conversely if k centralises abc	11 1
Ž 	1 	1 .then  diag k , a k a, c k c can be readily seen to satisfy the above1 1 1
Ž . Ž .conditions. This shows that in this case Z u is topologically isomorphicK
	1 1 Žto the centraliser of abc in  . The latter is a connected subgroup it is
the whole group if abc	1 is real and a circle group in the complementary
.case .
Since any M , n 5, is a semidirect product of M with a normaln 4
subgroup, to prove the converse assertion it is enough to prove that for
Ž .n 4 there exists wU such that Z w is not connected. ConsiderK
Ž .w w U defined by w  i, w  w  j, and w  w  w p q 12 13 23 14 24 34
Ž . Ž .k where i, j, k are the basic quaternions . For  diag k , k , k , k 1 2 3 4
Ž .Z w we have the relations ik  k i, jk  k j, and kk  k k k kK 2 1 3 2 4 3 2
Ž .k k. The last condition implies that k  k  k  k say , while the first1 1 2 3 0
two conditions imply that k must commute with i and j. Since k 1,0 0
the last condition implies that k 1. The above relations then show0
Ž .that  is I, where I is the identity matrix. Since clearly I Z w thisK
Ž .  4means that Z w  I , so it is not connected. This proves the proposi-K
tion.
APPENDIX: PROOF OF JORDAN DECOMPOSITION
Here we shall in fact prove Lemma 2.2, without the assumption of G
being connected. We first prove the existence of a decomposition, by
induction on the dimension of N. We note that the assertion holds trivially
if N is 0-dimensional. Now suppose that the contention of the lemma
Ž .holds for any compact group K whenever the dimension is less than d,
where d 1, and consider a case, with notation as in the hypothesis, when
N is d-dimensional. Let gG be given and let k K and nN be
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   such that g kn. Let N  N, N . Then N is a closed normal subgroup
of G. Let VNN GN . Since N is simply connected, V is a vector
Ž . Ž .Ž .group. Let 	 : KGL V be the representation defined by 	 k xN 
Ž 	1 . kxk N for all xN. If k is contained in the kernel of 	 then by
Lemma 3.1 the automorphism of N given by x kxk	1 must be trivial,
which means that k centralises N; in particular it commutes with n as
Ž .above and hence we can choose s k and u n. Now suppose that 	 k
is not the identity transformation.
Consider the group HGN  K  V, semidirect product, and let
h kN  and   nN . Then the conjugation action of h on V is given by
Ž . Ž .	 k as above. Let W be the space of fixed points of 	 k in V. Since
Ž .	 k is a nontrivial transformation, W is a proper subspace of V. By
Lemma 2.1 there exists wW such that h is conjugate to hw. Let M be
the subgroup of N containing N , such that WMN . Let mM be
such that wmN . Now h  gN  and hw kmN . Since h and hw are
conjugate it follows that there exists zG such that zgz	1  kmN . Let
C be the closure of the cyclic subgroup generated by k. Since W is a
Ž . 	1	 k -invariant it follows that M is normalised by C. We have zgz 
kmN  CM. Since M is of dimension less than d, by the induction
hypothesis there exist u , yM and s  yCy	1 such that zgz	1  s u 1 1 1 1
u s . Put s z	1s z, u z	1 u z, and x z	1 y. Then uN, s1 1 1 1
z	1 yCy	1 z xKx	1, and g su us. This proves the existence of a
decomposition as desired.
Now let s and u be as above and let s and u be as in the last part of
the statement of the lemma. Let G be the Lie algebra of G and let  :
Ž . Ž . Ž . Ž .GGL G be the adjoint representation of G. Then  g   s  u
Ž . Ž . Ž . Ž  u  s ,  s is a semisimple transformation as it is contained in a
. Ž . Ž . Ž . Ž .compact subgroup and  u is unipotent. It follows that  g   s  u
Ž . Ž .is the Jordan decomposition of  g in GL G . Similarly, the conditions in
Ž . Ž . Ž .the hypothesis imply that  g   s  u is also a Jordan decomposi-
Ž . Ž .tion of  g . By the uniqueness of Jordan decomposition in GL G we get
Ž  . Ž . Ž  . Ž .that  s   s and  u   u . Now let r be the number of con-
ŽŽ . r . Ž . r Ž r .nected components of K. Then  s   s   s and hence there
Ž  . r r r 0 rexists z ker  such that s  s z. Since s G and z ker  , s and
Ž . r i r i iz commute with each other. Hence for any i 1, 2, . . . we have s  s z
and since s and s are contained in compact subgroups this implies that
 i4 	r Ž . r rŽ .	rz is a bounded sequence. On the other hand z s s  u u N.
Since N is a simply connected nilpotent Lie group the last two observa-
Ž . r r Ž . r rtions imply that z is the identity element. Hence s  s and u  u .
Since u, uN, which is a simply connected nilpotent Lie group, the latter
condition implies that u u. Hence also s s. This proves the unique-
ness of decomposition and hence the lemma.
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